Review of Fourier Series
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L2 Review

= Fourier's Theorem: All real periodic functions
may be expressed as a linear combination of
harmonic sinusoids.

» There are two types of Fourier Series:

= Trigonometric Fourier Series— uses a series sines and
cosines.

= Complex Fourier Series— uses a series of complex
exponentials as oscillators.

= These series are just two different ways of doing the
same thing.
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L2 The Trigonometric Fourier
‘ Series

» Mathematically, the trigonometric Fourier series
may be written in this form:

Zan . (27rnt) Zb o <zm)

= Note that the n=0 case for the sine summation is
not important since the term drops out to zero
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.»  Calculating Trigonometric
5 Fourier Series Coefficients

Let’s say we want to calculate the mth cosine coefficient, a,,..
How do we go about it? First, start with the definition of the

trig. FS:
Z 2y, COS (271'77,1:) Z b sin (Qﬂ'ﬂ,t)

Step 1: multiply both sides by the mth harmonic cosine as

shown below:

2rmit 2mmi kad 2mnt ad 27wnt
cos t) = cos @n CCS + bp, sin
( " o T ) [ ancos | T ) + Y basin (
n=0 n=1
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.»  Calculating Trigonometric
6 Fourier Coefficients

Step 2: Integrate both sides over exactly one period of the
periodic function. (Thisis starting to look complicated, but

we can simplify in afew steps.)

fcos (%;"t) f)dt =
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.»  Calculating Trigonometric
7 Fourier Coefficients

Step 3: Theright-side integral may be distributed across each
term in the series summation:

7 2mmt > 2mnt > . [ 2mnt
/cos( T ) nzoancos( T )+n§:bnsm( T )] dt =

—1
o0 2
Za cos 2t cos M dt +
T T T

wlN

N

n=0 r
2
T
x
nz::lbn [ c s(%;nt) (?) dt
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.»  Calculating Trigonometric
: Fourier Coefficients

Step 4: Take alook and the cos-sin integral:

T
7 2rmiy . 2mrnt dt
COS T sin T

w0l

Thisisastandard definite integral that can be found in many
books. Since thisis anintegration of a harmonic sine wave (n
is an integer) and a harmonic cosine wave (mis an integer)
over exactly one period, T, the integral always evaluatesto O.
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.»  Calculating Trigonometric
Fourier Coefficients
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Step 5: There are 3 possible outcomes for the cos-cos definite

COoS 2mmi CoS M dt
T T

= mand n are different: theintegral always evaluatesto 0.
= mand n are the same (but not 0): the integral evaluatesto

T/2.
= mand nare0: theintegral evaluatesto T.

integral:

I
o S
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.»  Calculating Trigonometric
° Fourier Coefficients

Step 6: Good news! Based on the definite integrations of
steps 4 and 5, all but one of the terms will vanish.

08 (27;{)#) fe)de =

|
ok Sk
o

r aways 0 except for
0 2
2nmt
Y an / cos [ 2T ) at + the case me=n.
n=0 r
2
3 aways 0
i b 2 cos 2mmi si 2 dt ¥
— " T T
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.»  Calculating Trigonometric
§ Fourier Coefficients

Step 7: For the case of m>0, the results of our hard efforts
produces an equation for a,;

o8 2rmt
T

Just switch the mto an n (to keep notation consistent) and
rearrange the equation to solve for a,. Now we have the
formula for the nth cosine Fourier coefficient!

an = %_[_ ( mt) dt
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T
)f(t) dt = o

|
b S ——
)
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.»  Calculating Trigonometric
i Fourier Coefficients

Step 8: Onelast step — for the case of m=0, the results of our
hard efforts produces an equation for a:

Rearranging, the equation for a, becomes...
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.» Calculating the Trigonometric
: Fourier Coefficients...

The full set of trigonometric z
Fourier coefficients is shown on the 1 / £(2) dt

right. The derivation for theb, is rJ

identical to the a,,, except that a o7
snetermisused in Step 1. Note: z

the limits of integration for these ~ , _ 2 / F(t) cos (27””) dt
formulas are somewhat arbitrary. T

Since the integrands are periodic
functions, any integration length )

that spans exactly one period, T, b, = % / f(t)sin (@) dt
will produce the correct resullt. T
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L2 Example of Trig FS:
8 A Triangular Waveform

= Blackboard Example: Find the trigonometric Fourier
coefficients for thistriangular waveform with period of 1s.

N

+1/2

& |
I 1 I

- time, t
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L2 The Complex Fourier Series

15

= Below isthe complex Fourier Series:

= Key points about the complex series:
= unlike a, and b,,, ¢, may be a complex number.
= summation limits are from —infinity to +infinity.
= if f(t) isto be areal-valued function, the complex
Fourier coefficients must have special properties (see
Virginia Homework 1, problem 1).
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.»  Calculating The Complex
i Fourier Coefficients

Start with the definition of the complex Fourier Coefficients:

Step 1: To calculate the mth coefficient, multiply both sides
of the equation by the —mth complex exponential harmonic:

2mmit 2mmt > L2t
exp (—J T )f(t)=e><p (—J T ) 3 enexp (JT)

N=—0o0
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.»  Calculating The Complex
i Fourier Coefficients

Step 2: Integrate both sides over an entire period, T.

E 2mmi _ 7 2mmit > 2mnt
/ exp (—] T ) fB)dt = f {exp (—J T ) n:_oocn exp (jT) dt
Note: Theimaginary j does not change how you perform
integration. Just take it along for theride, asif it were a
constant.
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.»  Calculating The Complex
® Fourier Coefficients
Step 3: Distribute the integral to each term inside the
summation. This step isvalid because integration islinear.
[ e (<5 e
2 o [ oo (7 o (5) -
i Cn / exp (],7271'(71,; m)t) dt
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.»  Calculating The Complex
: Fourier Coefficients

Step 4: Study the following integral:

z O unlessm=n
2 —

fexp g W(nT dt

T

Since thisis an integration of complex harmonic sinusoids
(the value n-mis an integer) over exactly one period, the
result is only non-zero for m=n. For m=n, the integral
evaluatesto T.
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.»  Calculating The Complex
& Fourier Coefficients

Step 5: After al of the zero terms are removed, the fina
result is given below:

T

/ exp (—j27;,nt) ft)dt =enT

2

Swapping the letter m for n (for consistency of notation) and
re-arranging provides us the formula for the complex Fourier

coefficients: T
1 wnt
Cp = — fexpt —j—— | d
T ®) T
T
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L2 The Complex Fourier Series

21

Below isthe integral for calculating complex Fourier coefficients.
The drawback to this method is the integration of the complex
exponent. Thisintegration often produces a complex coefficient
for c,. One nice advantage: only one formula as opposed to the 3
equations required for the trigonometric series.

7 2
Cp = % / f(t)exp (—jﬂTnt) dt

_T
2
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.» To Convert from Complex FS

§ to Trig FS Coefficients...

...just make the following o = Co

substitutions. This can Ay = Cp + C_py

save alot of computation! ‘
by = J(Cn - c—n)

Remember: the complex Fourier seriesis just
adifferent way to keep track of the spectral
decomposition.
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.»  To Convert fromTrig FSto
& Complex FS Coefficients...

Cop = Qg

...just make the following e = Lan — ib)
substitutions. 2

1 )
5 (an + an)

The set of harmonic sinusoids (both complex
exponential and trigonometric) are said to be a
basis that spans the set of real periodic functions,
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L2 Ex. 1: Triangular Waveform

+1/2 /\
|

time, t
1s
1 _
i forn =20
an = —= forodd n
Trig FS coefficients. 0  forevenn
b, = 0
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Triangle Waveform of T=1
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Triangle Waveform of T=1
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Triangle Waveform of T=1
L2 1 T T T
28 Exact Signal
Fourier Series through term 5
0.5§ 7
(]
°
2
‘S
£
<
<
c
By
n
O, -
05 L L L L L L
-2 -15 -1 -0.5 0 0.5 1.5 2
time,t
Virginia
[M]Tech - - CPE 36 oducti
“ VIRGINIA POLY TECHN CINSTITUTE Copyright Gregory D. Durgin 2000 ECOFn’jEmSU:ii;IFiI;TnS %IC;(E)E:SO

14



L2 Ex. 2: The Sawtooth
Waveform

+1/2
' time, t
-1/2
1s
a, = 0

Trig FS coefficients:
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Sawtooth Waveform of T=1
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Sawtooth Waveform of T=1
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Sawtooth Waveform of T=1
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Sawtooth Waveform of T=1
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L2

Waveform

Ex. 3: The Rectangular

+1/2

Trig FS coefficients:
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Rectangular Waveform of T=1
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Rectangular Waveform of T=1
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Rectangular Waveform of T=1
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Rectangular Waveform of T=1
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Rectangular Waveform of T=1
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Rectangular Waveform of T=1
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L2

41

Key Points of Lecture

Virginia

Basic Form of the Fourier Series

Calculate Trigonometric Fourier Coefficients

Calculate Complex Fourier Coefficients

Convert Between Complex and Trig Fourier

Coefficients

Examples of how truncated Fourier Series
approximate real signals with increasing accuracy
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