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Theory of Multipath Shape Factors for Small-Scale
Fading Wireless Channels
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Abstract—This paper presents a new theory of multipath from the horizon in every possible direction. Truthfully, no
shape factors that greatly simplifies the description of small-scale realistic channel resembles this idealized model, but it does
fadlng statistics .of a wireless receiver. A methodlls presenteq for approximate multipath propagation for receivers operating
reducing a multipath channel with arbitrary spatial complexity . h iV shad d . ith a d trati f
to three shape factors that have simple intuitive geometrical In heavily sha 0_W€ reglons with a ens_e concentration o
interpretations. Furthermore, these shape factors are shown to Scatterers and yields analytical results which resembled early
describe the statistics of received signal fluctuations in a fading field measurements [6]. The model has the added bonus of
multipath channel. Analytical expressions for level-crossing rate, producing analytical statistics that are isotropic, unrealistically
average fade duration, envelope autocovariance, and coherencejyantical regardless of the direction traveled by the mobile
distance are all derived using the new shape factor theory and . Unfortunatel ¢ ¢ d dels h
then applied to several classical examples for comparison. receiver. unior una.e.y, recer! measurements and mode S_ ave

. o . shown that the arriving multipath of a local area bears little
Index Terms—Angle of arrival, diversity, fading channels, mo- bl to th idirecti | fi fi
bile communications, multipath channels, propagation, scattering. resembiance fo the omnidirectional propagation assumption
[8], [9]. Moreover, even an approximately omnidirectional
channel will no longer appear as such if directional or smart
. INTRODUCTION antenna systems are employed at the receiver [10], [11].

HE motion in space of a wireless receiver operating in a This paper augments the classical theory of small-scale

T multipath channel results in a communications link thd@ding by introducing the new concept wiultipath shape fac-
experiences small-scale fading. The termall-scale fadingle- tors, which allow the quantitative analysis afydistribution of
scribes the rapid fluctuations of received power level due Bonomnidirectional multipath waves in a local area (where the
small subwavelength changes in receiver position [1]. This &lgnal strength is assumed to be wide-sense stationary). Three
fect is due to the constructive and destructive interference RifnCiple shape factors—the angular spread, the angular con-
the numerous multipath waves that impinge upon a wirelegiiction, and the azimuthal direction of maximum fading—are
receiver [2]. The resulting signal strength fluctuations affeciefined and exactly related to the average rate at which a
in some way, nearly every aspect of receiver design: dynanigceived signal fades [12]. Four of the basic second-order
range, equalization, diversity, modulation scheme, and chanfiBlall-scale fading statistics—level-crossing rate, average
and error-correction coding. fade duration, autocovariance, and coherence distance—are

Due to its random unpredictable nature, small-scale fadinglften derived using the multipath shape factor theory. To
always studied as a stochastic process. Numerous researcfi@fonstrate the accuracy and simplicity of the theory, several
have measured and analyzed fhst-order statistics of these classical propagation problems are analyzed using multipath
processes, which mostly involves the characterization of smaiiape factors. This paper provides a principle contribution by
scale fading with a probability density function (PDF) [3]—[5]Presenting a fundamental, intuitive and quantitative description
The autocorrelation statistics of fading processesemond- of how nonomnidirectional multipath affects the second-order
orderstatistics have also been studied [6], [7]. Second-order sg@tistics of small-scale fading.
tistics include measures of a process such as power spectral den-
sity (PSD), level-crossing rate, and average fade duration. II. MULTIPATH SHAPE EACTORS

Second-order statistics are heavily dependent on the an-_ . )
gles-of-arrival of received multipath. Traditionally, most This section presents the three multipath shape factors that

second-order statistics have been studied using an omnififluénce second-order fading statistics. The shape factors are
rectional azimuthal propagation model [2]. That is, multipatfi€rived from the angular distribution of multipath powge(®),

waves are assumed to arrive at the receiver with equal poléch is a general representation of from-the-horizon propaga-
tion in a local area [7]. This representationyg#) includes an-

tenna gains and polarization mismatch effects [13]. Shape fac-
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A. Angular Spread\ derivative of a stationary process is actually traiance of
The shape factangular spread\ is a measure of how multi- the rate-of-change. This section, therefore, presents equations

path concentrates about a single azimuthal direction. We deffqé describing the rate variance relationships of small-scale
angular spread to be received complex voltage, power, and envelope fluctuations.

All of these relationships are proven exactly in Appendix I.
[F1]?

A=/1
£

(2) A. Complex Received Voltag&r)

The complex received voltagfé(r) is a base-band represen-
where £y and F; are defined by (1). There are several advanation of the summation of numerous multipath waves that have
tages to defining angular spread in this manner. First, since &fpinged upon the receiver antenna and have excited a complex
gular spread is normalized W, (the total amount of local av- voltage component at the input of a receiver [1]. Appendix I-A
erage received power), it is invariant under changes in tramferives the rate varianee?, for the complex voltage of a re-
mitted power. Second is invariant under any series of rota-ceiver traveling along the azimuthal directién
tional or reflective transformations gf#). Finally, this defini-
tion is intuitive; angular spread ranges from zero to one, with )
zero denoting the extreme case of a single multipath component op,(0) =E

df/(T) exp(—jker) ’

dr
from a single direction and one denoting no clear bias in the an-
gular distribution of received power. _ 2n°A?Pp B
It should be noted that other definitions exist in the literature T2 (147 cosf2(6 = Omax)]) ®)

for angular spread. These definitions involve either beamwidffhere ) is the wavelength of the carrier frequendy; is the

or the RMS# calculations and are often ill suited for ge”er"’\lnean-squared received power (unitsolts square}l andk, is

application to periodic functions such &) [14]-{17]. the centroid of the complex voltage power spectrum (removes

any nonzero linear phase taper). Note that the dependence on

multipath angle-of-arrival in (5) may be reduced entirely to the
The shape factaangular constrictiony is a measure of how three basic shape factors: angular spread, angular constriction,

multipath concentrates abotto azimuthal directions. We de- and the azimuthal direction of maximum fading. The physical

B. Angular Constrictiony

fine angular constriction to be significance of,2, is that it describes the spatial selectivity of a
|F0F2 _ F2| channel in a local area and, by extension, the average complex
v = 1?02—4|F1|12 (3) voltage fluctuations for a mobile receiver.

where Fy, Fy, and F; are defined by (1). Much like the defi- B- Received Powef(r)
nition of angular spread, the measure for angular constrictionReceived powel(r) is equal to the magnitude-squared of
is invariant under changes in transmitted power or any seri@smplex voltagd’(r). Note that this definition of power yields
of rotational or reflective transformations pf6). The possible units ofvolts squaredather tharwatts,which would differ only
values of angular constrictiof range from zero to one, with by a constant of proportionality related to the input impedance
zero denoting no clear bias in two arrival directions and one defthe receiver; theolts-squarediefinition is more general and
noting the extreme case of exactly two multipath componentgiependent of the receiver used.
arriving from different directions. The mathematical operation of taking the squared magnitude
of a complex quantity is a nonlinear operation, so in order to
derive a rate variance relationship for received power, we will
A third shape factor, which may be thought of as an oriemssume that the channelRayleigh fading This assumption,
tation parameter, is thezimuthal direction of maximum fadinghowever, is unnecessary for the derivation of (5). Appendix I-B
Bmax. We define this parameter to be derives the rate varianeé,, for the power of a receiver traveling
along the azimuthal directiof

C. Azimuthal Direction of Maximum Fadiréy, .«

Orax = %arg{FOFQ — Ff} .

dP(r)\?
The physical meaning of the parameter is presented in the next o 5/(#) :E{ <#) }
section. !

_ 4n2A?P2

Ill. RATE VARIANCE RELATIONSHIPS A2 (147 cos2(6 = Orma)])- ©6)

Complex received voltage, received power, and receivéhce again, the dependence on multipath angle-of-arrival in (6)
envelope are the three basic stochastic processes that @y be reduced entirely to the three basic shape factors. The
studied in a small-scale fading analysis. In order to understapiaysical significance o#7,, is that it describes the average re-
how these stochastic processes evolve over space, it is usefived power fluctuations in a Rayleigh fading local area.
to study the position derivatives or rate-of-changes of the three ,
processes. Since the mean derivative of a stationary process-idReceived Envelopg(r)
zero, the mean-squared derivative is the simplest statistic thaReceived envelop&(r) is equal to the magnitude of com-
measures the fading rate of a channel. In fact, a mean-squapksk voltagef/(r). Once again, we will assume that the channel
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is Rayleigh fadingto calculate the mean-squared fading ratef direction of receiver travel, but will always fall within the
Appendix I-C shows how this assumption leads to the envelofmlowing range:
rate variancer,

1—’7S@S\/1+7- (10)
) <dR<r>>“‘ A
dr The upper limit of (10) corresponds to a receiver traveling in
m2A2Pr the azimuthal direction of maximum fading & 6.,,.,.) while
T2 (1 4y cos[2(0 — bumax)])- () the lower limit corresponds to travel in a perpendicular direc-

_ _ o tion (@ = Ona.x + 7/2). Equation (10) clearly shows that the
Again, (7) depends oA, vy, andfy,..x. The physical significance variability of fading rates within the same local area increases
of 0%, is that it describes the average envelope fluctuations iyg the channel becomes more and more constricted.

Rayleigh fading local area. It is interesting to note that the propagation mechanisms of
a channel are not uniquely described by the three shape factors
D. Comparison to Omnidirectional Propagation A, ~v, andf,,,.. An infinitum of propagation mechanisms exist

Applying the three shape factofs -, andé,,.. to the clas- which may have the same s_et_of shape factors and, by extension,
sical omnidirectional propagation model, we find that there [§2d to channels which exhibit nearly the same end-to-end per-
not a bias in either one or two directions of angle-of-arrivajormance. In fact, (8) provides rigorous mathematical criteria
leading to maximum angular spreafl (= 1) and minimum for a multipath channel that may be treated as “pseudo-omnidi-
angular constrictiony{ = 0). The statistics of omnidirectional "éctional”
propagation arésotropic, exhibiting no dependence on the az-
imuthal direction of receiver travél

If_the ratg variance relatiqn_ship_s of (5)-(7) are norm‘ﬁ’llizeGnder the condition of (11), angular spread becomes approx-
against their values.for omnidirectional propagation, then thﬁ%ately one and angular constriction becomes approximately
reduce to the following form: zero. Thus, the second-order statistics of the channel behave
nearly identical to the classical omnidirectional channel.

|Fy|, |F2| < Fp. (11)

2
70 = -
T% 1 (omni) IV. EXAMPLES OF FADING BEHAVIOR
. o%,(6) This section presents four different analytical examples of
B o—%,,(omm) nonomnidirectional propagation channels that provide insight
o2, (6) into the shape factor definitions and how they describe fading
=5 rates.
aR’(omni)
=A?(14 7 cos[2(0 — Omax)]) (8) A. Two-Wave Channel Model

- _ , _ , Consider the simplest small-scale fading situation where two
wheres* is a normalized fading rate variance. Equation (8) prosherent, constant-amplitude multipath components, with indi-
vides a convenientway to analyze the effects of the shape fact@fq | powers defined by, and P, arrive at a mobile receiver
on the second-order statistics of small-scale fading. separated by an azimuthal angleFig. 1 illustrates this angular

First, notice that angular spreatl describes theaverage jstribution of power, which is mathematically defined as
fading rate within a local area. A convenient way of viewing

this effect is to consider the fading rate variance taken along
two perpendicular directions within the same local area. From

(8), the average of the two fading rate variances, regardless %f _ . . .
the orientation of the measurement, is always given by whered, is an arbitrary offset angle ardd-) is an impulse func-
' tion. By applying (2)—(4), the expressions foy~, andd,,,, for

this distribution are

p(8) = PL6(6 — 6,) + Po6(6 — 6, — ) (12)

$[62(0) + 520 +7/2)] = A” 9)
2\/ P1P2 .«
Equation (9) clearly shows that the average fading rate within a A=——F-sin 5, =1
. A ; P+ P 2
local area decreases with respect to omnidirectional propagation atr
as multipath power becomes more and more concentrated about Omax = bo + 5 (13)

a single azimuthal direction. A method for measuring multipath

angular spread based on this relationship has been presentethimangular constriction is always one because the two-wave

[18]. model represents perfect clustering about two directions. The
Second, notice that angular constrictipdoes not affect the limiting case of two multipath components arriving from the

average fading rate within a local area, but describes the vasa&me directionq = 0) results in an angular spreadof zero.

ability of fading rates taken along different azimuthal direction&n angular spread of one results only when two multipath of

6. From (8), fading rate variancg® will change as a function identical powersP, = P,) are separated by = 180°. Fig. 1
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Fig. 1. Fading properties of two multipath components of equal power.

shows how the fading behavior changes as multipath sepaaagle, as illustrated by Fig. 2. By applying (2)—(4), the expres-
tion anglex increases for the case of two equal-powered wavesons forA, v, andf,,.,. for this distribution are

Thus, increasingy changes a channel with low spatial selec-
tivity into a channel with high spatial selectivity that exhibits a
strong dependence on the azimuthal direction of receiver mo-
tion.

4 sin® @ « sin o
v = 2 =
B. Sector Channel Model a? — 4 sin? 5
emax = 90 + ot . (15)

Consider another theoretical situation where multipath power
is arriving continuously and uniformly over a range of azimuth _
angles. This model has been used to describe propagation fBf limiting cases of these parameters and (6) provide deeper

directional receiver antennas with a distinct azimuthal beam [#f2derstanding of angular spread and constriction.
The functionp(6) will be defined by Fig. 2 graphs the spatial channel paramétand~y as a func-

tion of sector widthy. The limiting case of a single multipath ar-
riving from precisely one direction correspondsite= 0, which

2

Pr results in the minimum angular spread®df= 0. The other lim-
= 6,<6<6,+a . . . P . .

p(0) =¢ « (14) iting case of uniform illumination in all directions corresponds
0 elsewhere. to o« = 360° (omnidirectional Clarke model), which results in

7

the maximum angular spread af = 1. The angular constric-
tion ~ follows an opposite trend. It is at a maximum & 1)

The anglex indicates the width of the sector (in radians) of amwhena = 0 and at a minimum-~ = 0) whena = 360°. The
riving multipath power and the anglg is an arbitrary offset graph in Fig. 2 shows that as the multipath angles of arrival are
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Fig. 2. Fading properties of a continuous sector of multipath components.

condensed into a smaller and smaller sector, the directional dste that the value of angular spreAds always one. Regard-
pendence of fading rates within the same local area increadess of the value ofy, an equal amount of power arrives from
Overall, however, fading rates decrease with decreasing seapposite directions, producing no clear bias in the direction of
sizeq. multipath arrival.
The limiting case ofr = 180° (omnidirectional propagation)
results in an angular constriction f = 0. As « decreases,
C. Double Sector Channel Model the angular distribution of power becomes more and more con-
stricted. In the limit ofa = 0, the value of angular constric-
Another example of angular constriction may be studigghn reaches its maximumy = 1. This case corresponds to
using the double sector model of Fig. 3. Diffuse multipatthe ahove-mentioned instance of two-wave propagation. Fig. 3
propagation over two equal and opposite sectors of azimutglys how the fading behavior changes as sector widith
angles characterize the incoming power. The equation thagases, making the fading rate more and more isotropic while
describes this angular distribution of power is the RMS average remains constant.

P,

S5 0, <0<0,4+a, 0 +m<O<b,+atn
p(f) =9 2«

0, elsewhere. A Rician channel model results from the addition of a single

(16) plane wave and numerous diffusely scattered waves [3]. If the
The anglex is the sector width and the andgle is an arbitrary power of the scattered waves is assumed to be evenly distributed
offset angle. By applying (2)—(4), the expressionsAoty, and in azimuth, then the channel may be modeled by the following

D. Rician Channel Model

0.2 for this distribution are p(6):
Aol 4=RO et a7 PO) = [+ K80 - 6] (18)
— 4 Y= o ’ max — Y0 + 9 . 27T(K + 1)
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Fig. 3. Fading properties of double-sectored multipath components.

where K is the ratio of coherent to diffuse incoherent powespread, the angular constriction, and the azimuthal direction of

often referred to as the Riciali-factor. By applying (2)—(4), maximum fading [12], [19], [20].

the expressions fak, v, andf,,,,.. for this distribution are The derivations focus on Rayleigh channels since these types
of channels are analytically tractable. A Rayleigh fading signal

is one whose envelopk follows a Rayleigh PDFr(r) given
function of K -factor. For very smalK -factors, the channel ap-

by
2 _ 2
fr(r)=r/——ep( ——), rz0
Pr Pr
pears to be omnidirectionah(= 1 andvy = 0). As the K -factor

increases, the angular spread of the Rician channel decred4@gre Pr is the average total power received in a local area
and the angular constriction increases. This indicates that fHgits ofvolts squarel

overall fading rate in the Rician channel decreases and that the ] )

differences between the minimum and maximum fading rafe L€vel-Crossing Rates and Aage Fade Duation

variances within the same local area but different directions in-The general expression for a level-crossing rate is given by
creases. the following [2]:

2K +1 K

- 7 . I — 91113.)(:9-
K+1 ' TT2Kk+1 0

(19)

Fig. 4 depicts the spatial channel parametgrand~ as a (20)

V. SECOND-ORDER STATISTICS USING SHAPE FACTORS Ngp = /Oo P fri(R, #) di (21)
0

With an understanding of how shape factors describe fading
rate variances, it is possible to redrive many of the basic secopgherer is the threshold level anfl, (R, ) is the joint PDF of

order statistical measures of fgding channels in terms of t@ﬁvelope and its time derivative. For a Rayleigh-fading signal,
three shape factors. Level-crossing rates, average fade duratﬂﬂé"level-crossing rate of the envelope process is
spatial autocovariance, and coherence distance expressions that

were originally derived under the assumption of omnidirectional
multipath propagation will now be cast in terms of the angular

PO
7TPT

Ng = exp(—p). (22)
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Fig. 4. Fading properties of Rician-model multipath components.

The variablep is the normalized threshold level such that  Equations (23) and (25) are useful tools for studying small-scale
R?/Pr [2]. Note thato—é is simply the time-derivative equiva- fading statistics in the presence of nonomnidirectional multi-

lent ofo-%,, derived in Appendix I-A, which arises from a mobilePath.
receiver traveling through space with a constant velocity in an
otherwise static channel (transmitter and scatterers are fixedB. Spatial Autocovariance

By substituting (.5) Into (2.2)’ we arrive atan _exact EXPressIon »p ther important second-order statistic is the spatial autoco-
for the level-crossing rate in a Rayleigh fading channel with

any arbitrary spatial distribution of multipath power and anvariance of _received voltagg envelope..The autocovariance func-
direction of mobile receiver travel ¥on Qetermlnes the_correlgtlon of rfa_cewed vpltage envelope asa
function of change in receiver position and is useful for studies
N in spatial dive_rsity [2], [21]. Appendix I d_evelops an approxi-
= V147 cos[2(8 — Omax)] exp(—pQ) . (23) mate expression for the spatial autocovariance function of enve-
lope based on shape factors [19]. The approximation reads

Nr

The average fade duratighis defined to be [2], [6]

p(r, 8) ~ exp| —23A2(1 + v cos[2(6 — frna)]) (%)1 .

__ 1 ("
T = N—R/o fr(r) dr. (24) (26)

Substitution of the Rayleigh PDF of (20) and (23) into (24¢qyation (26) allows us to estimate the envelope correlation be-

yields tween two points in space separated by a distarateng an az-
imuthal directiorg. The behavior of (26) is benchmarked in Sec-

A [eXP(PQ) - 1] (25) tion V-D against several known analytical solutions presented in

V210pA/1 + 7y co8[2(0 — Oman)] [2].

T =
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C. Coherence Distance Three Angular Distributions of Power

Coherence distanc®.. is the separation distance in space
over which a fading channel appears to be unchanged. Coher- velocity velocity
ence distance |s_|mpprtan_t in the design of _ereless_r_ecewers { ROX ety R,
that employ spatial diversity to combat spatial selectivity. For *
mobile receivers, a similar parameter caltatherence timé&’,
is the elapsed time over which a fading channel appears to be E, H
constant. For the case of a static channel, the coherence time
of a mobile receiver may be calculated from the coherence disg. 5. Three different multipath-induced mobile-fading scenarios.
tance . = D./v, wherew is the speed of the mobile).

Definitions for coherence distance may be based on the gl refer to a receiver traveling in a direction perpendicular to
velope autocovariance function. A convenient definition for thé&e main lobes of the loop antenna pattefn=£ 0). The H,
coherence distancB. is the value that satisfies the equatioase will refer to a receiver traveling in a direction parallel to
p(D.) = 0.5 [22]. The classical value for coherence distance ifhe main lobesf = 7/2). Fig. 5 illustrates thé,, H,,, andH,,

H

x Y

an omnidirectional Rayleigh channel is given by cases for the modeled receiver antennas.
9\ The first step is to calculate the three spatial parameters from
D.~ Tor (27) the angular distribution of powei(#) using (2)—(4). The spatial
v

parameters for thé&', case are\ = 1, v = 0, andf,,.x = 0.

where \ is the wavelength of radiation. Using the generalizeGince this case is omnidirectional, the angular spread s at a max-
autocovariance function of (26) leads to a new definition of céhum (A = 1) and the angular constriction is at a minimum

herence distance (v = 0). For theH,, and H, cases, the spatial parameters are
A =1,v=1/2 andb,,.x = /2. Since the impinging mul-
. AVin 2 (28) tipath have no clear bias mnedirection, the angular spread is
‘ AV/23(1 + v cos[2(0 — b)) at a maximum just like thé&’. case. However, there is clearly

o ) ) a bias intwo directions, resulting in an increased angular con-
For omnidirectional propagation, (28) differs from (27) by onlytriction ofy = 1/2.
—3.0%. Furthermore, (28) captures the behavior of nonomnidi- after substitution of these parameters into (23) along with the

rectional propagation. As angular spreadiecreases, the co-appropriate direction of mobile travel, the level-crossing rates
herence distance in a local area increases. As the angular Ggpthe three cases become

striction~ increases, the coherence distance develops a strong

dependence on orientatién V27w
P E.. Nr= 3 p exp(—pQ) (30)
D. Reuvisiting Classical Channel Models -
. . . . H,: Np= VTP exp(—pQ) (31)
As a point of comparison, this section analyzes three well- A
known cases of propagation that have analytical solutions [2]. H: Ne— V3mup 9 32
The cases are analyzed using the shape factor approach as out- yo YR T exp(=p°) (32)

lined above for mobile receivers with speedThis approach is

shown to produce quick, comprehensive, and, mostimportantli?® corresponding average fade durations are

accurate solutions. A

The first case corresponds to a narrowband receiver oper- E.: 7= [exp(p?) — 1] (33)
ating in a local area with multipath arriving from all directions V2rup
such that the angular distribution of poweid) is a constant. H, 7= A [exp(p2) _ 1] (34)
The receiver antenna is assumed to be an omnidirectional whip, Vup
oriented perpendicular to the ground. Due to the vertical elec- H.. 7_ A [exp(pQ) _ 1] ) (35)
tric-field polarization of the whip antenna, this propagation sce- Y V3mup

nario is referred to as the, case [6].
The second two cases correspond to the same narrowband

ceiver in the same omnidirectional multipath channel, but withSgnted by Clarke in [6]. _ ,
small loop antenna mounted atop the receiver such that the plan/OW substitute the channel shape factors into the approximate

of the loop is perpendicular to the ground. The antenna patté??‘tial autocovariance functions in (26). The results for the three
of the small loop antenna attenuates the arriving multipath suc#>¢S aré

hese expressions exactly match the original solutions pre-

that the angular distribution of power becomes r 2
E.: p(r)=exp _23(X) } (36)
p() = Asin® 0 (29) - Oy
| o _ - Hei oty =exp|-115(3) @7
whereA is some arbitrary gain constant. Unlike the omnidirec- A

tional £, case, the statistics of this propagation scenario will

depend on the direction of travel by the receiver. Hhecase A

Hy: p(r) =exp _—34.5(£>1 . (38)
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Fig. 6. Comparison between Clarke theoretical and approximate envel : -
covariance functions fdf, case.

autocovariance functions fdt. case.

Envelope Covariance for Loop Antenna, 6=6,  + /2 and H, cases presented in [2]. The proposed solution is also
1 . . - more comprehensive. For example, once the shape factors have
ool ——  Clarke: [dy(@r t/Ap+J,(2n )P i been found, (23), (25), and (26) provide statisticsdibrdirec-
R W iy Approximated: (A=1,y=1/2) tions of travel for theHd, and H, cases and not just specific
ogr 4 | Correlation Length 1  directions such a8 = 0 or § = 7/2. Thus, specific fading be-
07k '\‘ i hav?:)rs for various directions of receiver motion are modeled
3 . easily.

o
o
v

1

The solution form of (23), (25), and (26) reveals an interesting
property about statistics in Rayleigh-fading channels. Since the
A three shape factors only depend on low-order Fourier coeffi-
.............. cients, many of the second-order statistics of Ray|e|gh_fad|ng
channels are insensitive to the higher order multipath structure.
The general biases of angular spread and angular constriction
truly dominate the space and time evolution of these fading pro-
cesses.

p(r) Covariance
o o oS o
N W s [3,]
A \ . \

o
.
T
z

:

v/ Distance | VI|. CONCLUSION

. . . . Multipath shape factor theory provides an easy, intuitive, and
Fig. 7. Comparison between Clarke theoretical and approximate envelope . . .
autocovariance functions fd¥,, case. ccurate method for analyzing small-scale fading channels with

nonomnidirectional multipath propagation. The theory also has

Th hree f . dto thei i many implications for the measurement of wireless channels.
ese three functions are compared to their more rigorous apg; example, fading along specific directions may be measured

'Yt'ca' SOIUUOUS in Figs. 6,_8' Notg that aII.three model the SPf a local area with a simple noncoherent receiver to calculate
tial au@ocovarlance_functlon consistent W'_th t_he approximatiqn, i, g multipath angle-of-arrival characteristics. Conversely,
made in the derivation of (26). The behav_|or Is_nearly exact f(31?1gle—of—arrival characteristics may be measured with a direc-
values ofr equal to or less than a correlation distance. tional antenna to calculate local area fading behavior.
. The principle drawback of applying the theory to mobile re-

E. Additional Comments ceivers is the requirement of an otherwise static channel. If the

The shape factor technique for finding fading statistics is dading induced by transient scatterers in the channel becomes
intuitive way to relate the physical channel characteristics to tlkerge compared to the mobile-induced fading, then the theory
fading behavior. In the previous examples, the spatial paranmeay only be used to describe the spatial selectivity of a local
ters may be calculated analytically or even estimated intuitivedyea at a particular instant in time. Further work may also be
by simply looking at the distributions of multipath power inrequired to extend the shape factor theory to situations where
Fig. 5. The use of spatial parameters to find level crossing ratlree-dimensional propagation becomes important rather than
average fade duration, and spatial autocovariance is quite simple classical two-dimensional (on-the-horizon) models that are
when compared to the full analytical solutions of the, H,, typically used for terrestrial microwave propagation.
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APPENDIX | no harmonic content with respect édfor n > 2. Solving for
This appendix derives the three rate variance relationshﬁl.?? only two remaining complex coefiicients produces
presented in this paper. 27
AO = / O%,, dé
A. Rate Variance for Complex Voltage 0 P
The power spectral density (PSD) of a base-band complex =k, [FO — %}
received voltage signal is related to the angular distribution of N 0
multipath power [7] =k A’E {|V|2} (44)
27
27 |pl 8 4 cos™t i +pl6—cos! i Ay :2/ a%,, exp(—j26) df
kmax kmax 0
k12nax — k2 :ﬂ-k?nax |:F — F1:|
for [k| < Kmax (39) 0
= AO’V exp(_j29max) (45)

whereé is the azimuthal direction of travel and-) is the an-
gular distribution of impinging multipath power. The valig, .
is the maximum wavenumber, which is equa2tg’ A. Note that
the PSD is a function of wavenumbkiinstead of frequency
since multipath angles-of-arrival directly relatesipatialselec-
tivity. By extension, the PSD is identical to tlieppler spec-
trum S (w) of a mobile receiver if the receiver moves in a stati
channel. )
The second moment of the fading process is given by 5
following integration [2]:

whereA, v, andf,,,.,. are the three basic spatial channel param-
eters defined in (2)—(4). If these two coefficients are placed back
into (43), the end result is the relationship &%’ in (5).

For a mobile receiver, it is often convenient to measure the
fading rate variance in terms of change per unit time instead of
distance. If the mobile receiver operates in an otherwise static
Ehannel, then the mean-squared time rate—of—chaiége equal

multiplied by the squared velocity of the receiver.

B. Rate Variance for Power

1 [hmax _ The stochastic process of power is defined Ag) =
a%,,:§ (k — ke)* Sy (k) dk (40) V*(r)V(r). Thus, the PSD of power fork # 0
~Hmax is the convolution of two complex voltage PSD’s:
wherek. is the centroid of the PSD Sp(k) = (1/2m)Sy(k) @ Sy(—k), provided the com-

plex voltageV(r) is a Gaussian process (the condition for

1 Emax Rayleigh fading) [23]. The rate variance relationship for power
k.= STy /k kSg (k) dk. (41) may then be written as
F, is defined by (1)—this really just the average power of theo 7 = %/ k2Sp(k) dk (46)
process. oy o
Now insert (41) into (40), making the change of variable — i/ y[i/ S (NS (A — k) d\| dk. (47)
0, = 6 & cos™(k/kmax), Where thet and— signs correspond 27 J oo 27 J oo

to the left and right terms of(-), respectively, of (39). After

i H ik — _
rearranging the limits of integration, the equation «fx%; be- Making the substitutior: = A — &" leads to

comes 2 1 = = AV / /
P = (A—=E)°S; (NS (k) dE' dX (48)
Fok? . k2 2 2 T
2 _ 0"max _ “max (9 ) COS(9 By )d9 ) )
Iy 2 Fo o P\ x) e which may be regrouped and re-expressed in terms of the spec-
12 o tral centroidk.
+ % [/ p(6,,) cos[2(6 — 6,)] dﬁl} . (42) L e L e
0 0% = [2—/ Se (k) dk} [2—/ (k= k.)2Se (k) dk| .
T J oo T J oo
Consider a complex Fourier expansiom@f, with respect t@ ~ ~
Pr a2,
1 oo (49)
o’% =5 Real{ Z A, exp(]‘ng)} Now simply substitute (5) fo&%,, to obtain (6).
Ao 1 = C. Rate Variance for Envelope
= 5n T g ReAMA2 exp(526))- (43) " Basedonthe power relationshif(r) = R2(r), itis possible

to write the following:
All of the A,, are zero for odch. This is because, (¢) =

2 2
o, (0 + m); that is, a 180 change in the direction of mobile E <d_P> = 4E{P(r)}E <d_R> (50)
travel should produce identical statistics. Furthermore, (42) has dr dr



692 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 48, NO. 5, MAY 2000

which is valid for a Rayleigh fading process sinBeand its A Gaussian function is chosen as a generic approximation to the
derivative are independent [3]. Setting the left-hand side of (50Je autocovariance since it is a convenient and well-behaved
equal to the rate variance relationship for power in (6) pra@orrelation function. The appropriate constanis chosen by
duces the mean-squared fading rate result for a Rayleigh-fads®iting equal the second terms of (54) and (55), ensuring that
voltage envelope in (7). the behavior of both autocovariance functions is identical for
small r
APPENDIX I

4—x

~23.00

2 2
0= [ T } A2(1 =y cos[2(0 — buax)]).  (56)
APPROXIMATE SPATIAL AUTOCOVARIANCE FUNCTION

This appendix derives the approximate spatial autocovariance

function for small-scale Rayleigh fading signals. Therefore, the approximate spatial autocovariance depends only

The spatial autocovariance function for received envelopeds the three multipath shape factors, as shown in (26).
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